Wigner-Eckart Theorem

Vector and Tensor operator

%
Definition of vector operator V = (V, V,, V3)

T (R)V;U(R) = R;;V;
[Vll]]] = iel-jthk

replace R by R}, Rjj = Rj; to get
U(R)V; u-t (R) = V]R]z

in which Rl-]' can be seen as the representation matrix elements of j = 1.

For more general situation, we have the representation matrix elements D}(jgﬂ,(R), so we can define tensor

operator.

Definition of tensor operator Tl(ik)

q'=-k
which is similar to the transform

UR)|j,my = 2,09 R)|j,m")

We can also check the transform of Tfik) |7, m)

UR)(TPj,m)) = UR)TPUHRUR)|j, m)

= DTH DYR) D31, m')j, m' |UR)|j, m
q "

= X (T91],m) DG RDY,,R)
which is similar to the transform

UR)(|jy, 1Yo 112)) = D Do RIDYE R (|1, 111" o 1127)

my’ my’

Selection rule

.1 m> = 0, unless {lk—]| <j < |k+j|and m’ =m+q}

<al, ]'/’ ml

in which & and @ are quantum numbers apart from angular momentum.



Wigner-Eckart Theorem

Because Tl(ik) has the same transformation as | ], m ), we can use CG coefficients to combine two spherical
tensor operators to a new spherical tensor operator

AV 4B TV
With the definition D %)m (R) = {j,m"|U(R)|]j, m ), we can rewrite the transformation of Tlgk) to get
U, O)TOU- (4, 0) = 3 TH <k, ' | U@, 0) |k, )

q
take infinitesimal rotation 6 = €, we got

[f n, Ték)] =, T {k, q
;

k,q>

9/\
J-n

%
replace | - 11 by J,, we got

[/, TO] = 23TH Ck,q' | |k, q) = iV k(e +1) - q(g = 1) T,
"

9
replace | - 71 by J,, we got

[1., O] = 219 (k,q'|J: |k, q) = g TV

’

q

Then we can prove the Wigner-Eckart theorem

<oz’, j,m | T,le)

&, jo,mz ) = Cj, (o my, ma) - e, fIT e, o)

in which Cj, 1, (j, m; my, mp) = jrjo; mymy | jijo; jom) .

To prove it, we just need to prove that the matrix elements <a’, j,m | Ti’];l) a, Jo, m2> satisfy the same

recursion relation as CG coefficients

V(G Fm)(j£m+1) ujo;mamy | frjo; j,m+1)
= \/(j1 Fmy +1)(j1 £mq) {jajo;my F1,my | j1jo; jm)
+\/(j2 Fmy + 1)(jo £ mp) {j1jo;my, ma F1 | jijo; jm)

With

[ TP] = Ve + 1) - q(g = 1) TE,

we have



SEAIE

the recursion relation of the matrix elements <a’, j,m | T

a, j2,m2> = i1 (j + 1) = my(my = 1) ', j,m | T®,
(1)

mi

a, 2, m2> can be deduced.

Some inferences

For a scalar operator S, we have

{a,j,m’|Sla, jym) = 0;0mum <o, flISlle, j

%
For a vector operator V, we have

<a’,j,m’7-1_/> a,j,m>
j(j+ k2

Is

{a,j,m’ v, a,j,my = Gom'|],|j,m)

a, j2/ m2>



