Time-independent Perturbation Theory

Nondegenerate case

Reyleigh-Schrodinger perturbation theory

Definition
+ Hamiltonianis H = Hy + H’
* Define two projection operator

P, = [n°¥n°l, Q, =I1-P,
» Unperturbed state |n0> and energy E 2
Ho|n®) = Ey[n®)
« Perturbed state |71 and energy E,,
H|n) = E,|n)

|n) = [n")+|n) +|n?)+...
E,=EY+E!+E2+...

Deduction
By definition, we have

(Ho+H")[n) = Eyln) = (E} +Ey)|n)
(E—Ho)In) = (H'-E,)|n)
Applying Q,, on both sides of Eq.(1), we get
(ER - Ho) Quln) = Qu(H' —E,)In)

Qu(H" - Ey)
Qulny = 220
E,-Hy
Therefore, we can express the |n> as
Qn(H,_En)
1) = Plny + Qulny = 000y + o)
En _HO
Considering |1°) is the leading order contribution of |11, we can set (1°|n) = 1 to get
Qu(H - Ey)
|y = %) + ————|n)
EY - H,

Besides, add a bra <n0 | to both sides of Eq.(1), we get
<n0‘ (ES - Hy) ‘n> =0=(n°|(H' - E,)|n)
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With Eq.(2) and Eq.(3) and the initial condition El <n0 |H ’ |n0> we can get E and |n > order by order.

* First order
E; = n’|H'|n")
«(H —E})
n% +|n') = |n°) + —|n°>

considering Q,E1[n9) = ElQn|n0> = 0, we have
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e Second order

EL+E2 = (n0|H[n®) + (o |H |
0>|2

=<n0|H'|n1>=Z'<k;|fFE (El <)

k#n
10+ [ty |2 = |n0>+%(m°>+ 1))
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Another simple way

By definition we have
(Ho + H)(|n0) +[n') +|n2)+...) = (E2+E,£+E,% +...)(|n0>+|n1>+|n2>+...) (4)
Then rearrange it order by order to get
(Holn®) —E§In°)) + (Holn') + H[n®) — ES|n') = E}[n°))
+(Holn?) + H'|n') = EQln?) — Ex|n') =E2[n®)) +... =0
The equation above should have zero at each order, so we have
Hyln®)-E%n°) =0 (i)
Holn') + H|n®) —E%n'y —EL[n°) =0 (i)

Apply <n0 | to (ii) to get



E0+ {n|H
= (n’|H|n

Y ~E0—El =0
)

Expand |n1) as|nl) = Z (kOn1H| kO because (n°|nt) = 0, then apply {k°| to (ii) to get
k#n

| Ho |y + (kO || n®) — EQKO|n'y = 0
(ER - ER)<KkCln"y + KK H [n) = 0

oty - KL
E)-E?
pag 0
k#n

Brillouin-Wigner perturbation theory

[The main difference compared with RSPT is that BWPT keeps E,, without expanding it.]

Definition
+ Hamiltonianis H = Hy + H’
* Define two projection operator

Pn = |n0>(n0|, Qn = I_Pn

» Unperturbed state |n0> and perturbed state |71)

Deduction
By definition we have

(Ho +H)|n) = E,|n)
(Ex —Ho)lny = H'[n)
Apply Q,, on both sides, we get

(En _HO)Qn|n> = QnH’|n>

o Q
Qulny =

H'|n)
By definition, we have

H'|n) = |n%) +
En_HO En_HO

1) = Puln) + Quln) = [n°)(n°n) + H'|n)

here we used approximation (n°|n) = 1.
Then, we can iterate to get



|n>=|n0>+—Qn H'|n®) + R H Qu

H|nS + ..
En_HO En_HO En_HO

For energy corrections, we have
E, =E,(n’n) = <n0|H|n> = <nO|H0|n> +<nO|H’|n>
En _Eg = <nO|H,|n>
For the first and the second order correction, we have
E, = (n°[H'[n%)
kO H’ 0\ 2
5 = 3 KR

E)—E}

E2 ={n°|H

k#n

Degenerate case

Reyleigh-Schrodinger perturbation theory

In general, we just want to split the degenerated states (by rearranging the degenerate unperturbed states) and

go back to the non-degenerate case that we are familiar with. So, the following discussion will give the zero-th
order state and first order energy corrections.

We still have the expansion as Eq.(4), and we want to use (ii) as well. But considering degeneracy, we need to
choose what is the proper |n0> because we have many choices now.

Suppose we have HO| n?> = E2 | n?>, 1=1,2,3, ...,s,soitis s-fold degeneracy. Suppose the rearranged

S S
state we want is [1°), and [n°) = Z (n?|n0)|n?> = Z C21i|n?>. Then we put | 7% into (ii) to get
i=1 i=1

S
2,Co - H n?) = (E9-H,)|n')
i=1

Apply <n]Q | to the equation above,

S
2Ch ()| B
i=1

S
o\ _ r1 0
”z’> EnZCn,i
i=1

n®) —ELCU = (n®|EQ~Hy |n') = 0

Then, in the original basis ( {| nlo >} before rearrangement), we have

’ 1 % 7 0

11— En i) 1s Chn
y ’ 1 0

H21 H22 - En Cn,z =0
4 4 4 1 0
sl s2 o Hss - En Cn,s

Then the trace of the left matrix (which is H — E,,I) is zero, and the eigenvalues are E. . with



m=1,2,3...s, there are s different first order energy corrections, the corresponding eigenvectors are zero-
th order state corrections.

Brillouin-Wigner perturbation theory

Definition
+ Hamiltonianis H = Hy + H’
* Define two projection operator

P =[n?nfl, Q=I-P

in which |n10> are degenerate states H0|n?> = E2| n10>

Deduction
With the projection operator, we can separate the basis into two groups, then

e HPP HPQ) ng 0 .\ PP P
- HP HNQ - 0 H(()QQ HP R
in which H)" = Epl.
By definition, we have
(Ho +H’)|?l> = En|n>
project both sides by P to get
P(Hy +H')(P+Q)|n) = E,P|n)
(ng +H'PP)P|n> +HQ|n) = E,P|n)

project both sides by Q to get

Q(Hy +H)(P+Q)|n) = E,Qln)
HPlny + (H§? + H'Q)Qln) = E,Qln)

here we used P2 = P and Q% = Q.
Solve to eliminate all Q space states

E, ~HR -H'X Q|n> = HQPP|n>
0
HQP

Qlny = Plny
E, - H§Q - H'®Q

then go back to the equation above to get

HP
PP /PP PQ _
(HO +H )P|n>+H En—HOQQ—H’QQP|n> E,P|n)
1
HPP + HPQ HP|P|n) = E,P|n)

E,-H92 - H'®

If we define the effective Hamiltonian as



Heff - HPP +HPQ 1 HQP
E,-H§-H'X

Then we have the effective Schrodinger equation as
(Ho+H")|n) = E,lny = Heyr (PIn)) = E,(PIn))
move all to the LHS to get
(Hofr = E,)(Pln)) =0

And one thing need to notice is that the matrix blocks above is actually a abbreviation as

PP

H g P = [ Hy™ 0 ]

0 O

So, our H, s looks like

HooE :[HPP o]+[o HPQ][A B][ 0 o]_ EJ 0
=00 o) lo o e DINH? o) | 0 Eu
To solve the first order energy corrections and zero-th order state corrections, we can ignore the second term to

HPP—E, I 0 [P|n>]=0
0 —E,JJ\ O

(H” —E,I) (Pln)) =0

get

So, the first order energy corrections are just the eigenvalues of det (H PP_E n[) = 0, the corresponding

eigenvectors are the zero-th order state corrections. Then the degenerate states are splited out, it goes back to
our familiar situation.

The formalism of degenerate perturbation theory is still useful when the energy levels are almost
degenerate compared to the energy scale defined by the perturbation matrix element.



